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Multiscale Lavrentev Method for Systems
of Volterra Equations of the first kind*

A. Favinif L. Pandolfi,}

Abstract

We study the singular perturbation approach proposed by Lavrentev
for the regularization of systems of Volterra integral equations of the
first kind, in the case that the kernel K (¢) is not invertible for ¢t = 0
and without assuming K (t) ~ tI. We single out a class of kernels,
which we call “diagonally dominant”. We show that when the kernel
belongs to this class then it is possible to regularize the problem using
a multiscale singular perturbation method.

1 Introduction

We informally describe the problem to be studied in this paper. Precise
assumptions will then be introduced in Section 1.2. We consider a linear
causal time invariant input-output system described by the Volterra integral
equation

y(t):/OtK(t—s)u(s) ds, tel0,T] (1)

where y and u are n—vectors and K (t) is an n x n matrix. Our goal is the
reconstruction of u on the basis of measures taken on y. It is well known
that this problem is ill posed so that regularization algorithms must be used
for its solution. Moreover, we want a causal reconstruction algorithm, i.e.
we want that an estimate v of u be constructed in such a way that its value
v(t) at time ¢ depends on the measures taken on y at previous instants.
Lavrentev method and its variants have been widely used to achieve this
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goal, see the references given below. The idea behind Lavrentev method is
to study the following singular perturbation problem

ev(t) + /Ot K(t—s)v(s)ds =y(t), tel0,77].

This problem is now well posed for every e. Let v(t) = v(t) (dependence on
e will not be explicitly indicated below) be its solution. Our goal is to give
conditions under which

el_i>%1+ ve(t) = elino1+ v(t) = u(t).

The limit must be taken in an appropriate sense. We shall be interested
in pointwise, uniform or L? convergence.

Note that in practice the measure taken on y are always affected by
errors. Here we are ignoring this fact, which will be studied in Section 2.1.

The standard assumption on K (¢) in order to achieve (1) is that det K(0) #
0 so that it is possible to assume (after a coordinate transformation) K(0) =
I. If instead K(0) = t"Ky(t) and Ko(0) = I then a suitable number of
derivatives can in principle be used in order to reduce the problem to the
case det K(0) # 0, although in practice this need not be a very efficient
method, due to the noise in the measures.

In this paper we study the case det K(0) = 0, but when the order of the
zero is not the same for every entry of K(t). For reasons which will appear
below, we shall call “diagonally dominant” the class of systems which fit the
assumptions of our paper.

The idea is to use a multiscale singular perturbation problem, fitted to
the structure of K (t) as t — 0+.

Remark 1 The proofs in this paper make use of smoothness assumptions
on the kernel K(t) and piecewise smoothness of the unknown input wu(¢).
However, numerical computation of the derivatives is not required by the
algorithm we are going to present.

Before we go on to describe the technical assumptions of this paper, we
present an example to which the results can be applied.

1.1 An example

We consider two interacting electrical lines of infinite length, described by

Nt = MNss + p§+ u(t) ) (2)
gtt - gss + w(s)v(t) .



Initial conditions are 1(0,s) =0, £(0,s) = 0.
Here n and ¢ are potentials and the output is

n(t,0)
t) = .
u(t) [ (1,0)
Note that the model is not so realistic since when the second line acts on
the first one, there should be a reaction which is not taken into account by
the model. Moreover, for simplicity we assume that p is constant and the

coefficient of u is 1.
It is easy to check that

s+t— r
&(t, ) / / 1/} v(r) dr
2 s—t+r

2/ (s+t—r)—U(s—t+r)ov(r)dr,

where U'(s) = 1(s) and
n(t,s) = m(t,s) +mnt,s),

m(t,s) = /Ot(t—r)u(r) dr,

p t s+t—r
772(t73) = Z[) {/ .
s—t+r

Hence the components y;(t) and y2(¢) of the observation are

/or (P +r—p) = U —r+p))o(u) du} du} dr.

0= [ G-, GO =3l + -]
£ = Z/Ot(t —Pu(r) dr + /Ot H(t — r)o(r) dr
H(t) = /Ot /:t[xp(y b ) - U — 7)) dz/] dr.
The important property to be noted is that H(f) has a zero, for ¢ = 0

of higher order then that of ¢, the kernel which appears in the expression of
y1(t). Hence, the output has the following form

[ Jo [(¢ = )7 Hy(t = s)u(s) + (¢ = )72 Ha(t = s)o(s)] ds }
fo [(t — $)X*Li(t — s)u(s) + (t — s)X2La(t — s)v(s)] ds
and

r<ro,

X1 > X2,

X2 <T1



(in fact in our example L;(t) = 0.) We shall see that, under the conditions
above, the diagonal terms of the 2 x 2 matrix of the kernels have a dominant
role.

Kernels like this we shall call “diagonally dominant” and the problem
we are going to study is the deconvolution problem for diagonally dominant
systems.

1.2 Regularity assumptions and diagonally dominant matri-
ces

The assumptions we make are both regularity assumptions and assumptions
on the structure of the matrix K(t). As to the regularity assumptions on
the input, we shall assume that u(t) is piecewise of class C*°, although we
shall see that a finite number of derivatives will suffice for the proofs. We
note that with this assumption u(¢) may have jumps so that the assumption
is usually satisfied in the applications.

In order to get a Volterra equation, i.e. a convolution with the upper
limit of integration equal to ¢, we must have K(t) = 0 for ¢ < 0. We shall
say that K(t) is “smooth” when it is the restriction to [0,7") of a function
K (t) which is smooth on R. The smoothness we require is that K(t) be of
class C* and that its Taylor series converges to K (t) near 0.

Let now r;(t) be the rows of K (t),

rl(t)
KB =| |, w@®=]ki@®) k@ o kaa(t) ki) |,
ry(t)

—+o00
kij(t) = Z ki jsmt”
n=0

(the series expansion converges in a neighborhood of ¢ = 0).
We define

Vij = mﬂin{k,—,j;(#) #0} or vij=+4o0 if k) =0 for every pu.

(e
and

vi=min{y; j, 1 <j<n}.
We shall call the number v; the i~th row degree of K(t).

Remark 2 Actually this is a variant of the usual definition of the order of
the zero at co for a row vector. When K () is a row vector whose entries are
exponential polynomials, then we can consider its Laplace transform K ().
Let its entries be

. g 1
Fig (V) = 3 Fijs) 3
pn=0
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The number v; defined as above is the order of co as a zero of £(\), see [12]. 1

We introduce the following sets:

Ilz{j:I/Lj:l/l}, IQZ{j:I/QJ‘:VQ},..., IHZ{jil/nijI/n}
and

Assumption 3 For k and s between 1 and n, either I, NIy =0 or I, = I,
and then v, = vg. 1

I.e. we assume that the sets I; are a partition of the set {1,2,... ,n}.
We shall apply a permutation matrix @ to K (t) on the left, so to order
the row indices in increasing order,

v Svp <L Sy, v >0.

This does not change the problem to be studied.

Let us consider now the first row rq(¢) of K(¢) and let us consider the
entries of this row in I1, i.e. such that v1 ; = v;. There exists a permutation
matrix P which moves these entries in the first positions:

rl(t)P = { 7“171(t) T17j1(t) T17j1+1(t) len(t) }

and
ni=1mv, lg’igjl, 1/177;>U1 if i>j1.

Due to the assumption 3, either Iy = I and v1 = vy or v9; > 1 if i € I7.
Now we do the same for the second larger exponent etc. We end up with
a block form

[ Kia(t) Kia(t) ... Kis(t) ]

Ky1(t) Kao(t) ... Kagt)
K(t)P = :

Ki,l(t) KZ’,Q(t) Ki,s(t)

and every entry of K;;(t) has the same exponent, let us call it v; from now
on, which is larger than the exponents in the entries in the previous and
subsequent blocks in the same line.

A second key assumption is:

Assumption 4 The diagonal blocks Kj;; are square and not degenerate. 1



We sum up, the matrix K (¢) can be reduced to the following block form:

K () TR () L TR (1)
(1) 12 Kap(t) . TR (1)
QK(t)P = : @
tVs“rle,l(t) tVs+1Ks’2(t) c tVsKS7s(t)

and (possibly after a last coordinate transformation)
1
K;;(0) = JI .

Matrices with the properties stated in Assumptions 3 and 4 will be called
diagonally dominant for obvious reasons.

We shall see that for diagonally dominant kernels the deconvolution prob-
lem can be solved recursively, using a multiscale singular perturbation ap-
proach.

1.3 Comments on the literature

A singular perturbations approach to inverse problems has been advocated
by Lavrentev, see [9]. Chapter 5 in this book is devoted to the application
of this idea to a deconvolution problem. As it turns out, Lavrentev method
when applied to integral equations of Volterra type gives an on-line recon-
struction algorithm. A different on-line reconstruction algorithms has been
advocated in [1] and the algorithm proposed here has been rigorously stud-
ied in [6] in the case K(0) = 1. This analysis is then extended to the case
K(t) ~t*K(t), K(0) = I in [7].

Volterra integral equations may represent input output relations of sys-
tems in state space form. On-line algorithms for input identifications when
the state space description of the system is known and the full state space
is available to measures are in [11]. In fact, this book also considers special
instances of output measures. This case however has been solved in general
in [2]. The algorithm in [2] has been extended to general classes of Volterra
equations in [3, 4], and will be extended more in general in the present paper.

The use of on-line deconvolution problems in regulation and control ap-
plications can be found in [5, 8, 13].

2 The multiscale singular perturbation and the de-
convolution problem
In this section we show how the deconvolution problem can be solved for the

case of diagonally dominant kernels. We examine the noiseless case here,
while the effect of the noise will be studied in Section 2.1.



We assume that the exchanges of rows and columns of K (t) have already
been performed so that we can take @ and P in (3) to be the identity
matrices.

In order to be as clear as possible, we study here the case that K(t) is
a 2 x 2 block matrix, with v; = 0. The general case is then considered in
section 3. So, we now consider the case that

Ki (t) tKo (t) 1

= tV'HKg(t) Kt | Ki(0) =1, K40)=—1I. (4)

K(t) ”

Note that K3(0) and K3(0) might be zero.
We introduce the following notations: I is the identity operator, D de-
notes the derivative while J is the integration operator

(Tt =ut),  DOO=w0), G = [ uls)ds
so that

JUTT i r<vw
(JrFlu)(t) = & [5(t — s)u(s) ds, Drjv=<1 if r=v
DV if r> v,

D: /Ot(t — K (t — s)u(s) ds =

/O{Dr[(t—s)VK(t—s)}}u(s) ds, r<v+l,

Du+1/0 (t — )" K(t — s)u(s) ds = V! K (0)u(t) + /Ot ®(t — s)u(s) ds

(5)

where, using Leibniz formula, it is easily seen that

B(t) = VIK'(t) + f ( ’ ) (”' [ =iy K= ()
j=0

v—j)!
KO )] (6)

The harmless assumption K4(0) = I/v! has been made in order to sim-
plify the factor v! in the previous expression.

We now consider the following two-scale singular perturbation problem.
The first row essentially represents the Lavrentev singular perturbation ap-
proach which is used in the case K(0) is invertible. We prefer to write
{(el + J) — J} vy instead of simply vy, for analogy with the second line. The
second line corresponds to a singular perturbation problem of higher order.
This choice is suggested by the Morse quasi-canonical form used in [2] for the
approximate construction of the inverse system of a linear finite dimensional
control system.



{(eI +J) J}v1+/0t {Ki(t — s)vi(s) + (t — s)Ka(t — s)va(s)} ds -
—y(t) = /t (KL (t = 8)ua(s) + (t — 8)Ka(t — s)ua(s)} ds
0
and
{(GI+J)V+1_JV+1}U2

+ /Ot {(t —8)" T K (t — s)vi(s) + (t — 8)  Kq(t — s)vg(s)} ds

= yo(t) = /Ot{(t—s)”HKg(t—s)ul(s) +(t = 8)" Ka(t — s)us(s) | ds.
(8)

We recall that v; and vy are vectors, so that differentiation and integra-
tion are applied to every component. Now the estimate v(t) of u(t) is

_ | w(®)
v(t) = [ valt) ]
and we study the convergence of v to u. It is convenient to introduce the
error
61(t) U1 (t) — Ul (t)
t = =
e() l es(t) ] l ua(t) — us(t)
so that
t t
cer(t) + / Kot — s)e(s) ds = — / (t — $)Ks(t — s)ea(s) ds — eus(t) (9)
0 0
and

[T+ = ey /Ot(t _ ) Kt — 8)es(s) ds

_ /Ot(t ~ UG (- s)er(s) ds — Z ( v j 1 ) /T Ty (10)

r=0
We shall prove the following Theorem:

Theorem 5 Let [0,T] be a fized interval and let v be constructed as above.
We have that ve — u in L*(0,T). Furthermore, v(t) and its derivatives
converge respectively to u and to the corresponding derivatives of w, uni-
formly on every interval [a,b] C (0,T] such that u is smooth on (a—0o,b) for
some number o > 0.



In the course of the proof, we shall compute derivatives of e(t). This is
only possible at the points where u(t) is differentiable. So, let ty be such that
u is smooth on (0, p). We shall work first on this interval and then we shall
show how the results can be extended. As we noted already, derivatives are

only used as a device in the proofs.
We apply D and D"*! respectively to (9) and (10) and we find

ed) = —e1 — /OtLl(t — s)e(s) ds — ed (¢) (11)

where
Li(t) = [ Ki(t) D{tKa(1)} |

We note that
t
DTl {J”He - / (t — s)"Ka(t — s)ea(s) ds}
0
t
= / O(t — s)ea(s) ds
0

where ®(t) is given by (6) with K (t) replaced by K(t). This shows that,
after v + 1 derivatives, Equation (10) takes the following form:

(eD+1)"Tley = — /Ot Ly(t — s)e(s) ds

. Z ( v+1 ) €V+1_TDV+1_T’U,2 ) (12)
r=0 "
This equality holds on those intervals over which v is smooth. Here
Lo(t) = [ D" {1 K (1)) () ] .

We see from (11) that

t t1 s
e1(t) = eft/eel(())—/ e~ =9 eyt (s) ds—/ 767(1573)/5/ Li(s—r)e(r) dr ds.
0 0 € 0
(13)
Here e1(0) = u1(0). Tt is clear that e™*/e1(0) = e~/uy(0) tends to zero
in L2(0,T) and uniformly on [0, o] for every o > 0 while

t
‘/ e =3/ (s) ds
0

The constant M depends on u}(t). Even more, the L? norms of these two
terms are of the order of /e (the norm of the integral is of the order of e,

< Me.




but we consider € € (0, 1) so that \/e dominates). Hence we can write

t 2
/||e1 ||2ds<Mle+2/ {/ o (r S>/€/ Li(s — p)e(p) du ds} dr
0
2
< Mye+2 [/ \/ (r— 5)/6\/ (r— 8)/6/ Li(s — p)e(p) du dS] dr

<M1€+2/ U es/eds] dr -
[T ([l du [ el au) as] ar (1)

< Mie + 20 / / [/ e-<f-s>/5ds]|e<u>||2 dp dr
p €

§M16+2M3/</ e du) dar. (15)

From now on we shall use M for a generic constant, so that the constants
M; above, i = 1,2 ,3 will be simply denoted as M.

We now try to give an analogous estimate for the second component
€92 (t)

Before we do this we introduce an observation, whose interest will appear
later on.

Let Wy(t;7,h), t € [0,T], be a family of functions of the parameters 7
and h, such that

|| (t; 7, h)|| < x1(7,h) a.e. t€[0,T] (16)

and let Wy(t;7,h) appear as a further addendum on the right side of (7),
hence of (9). In this case the following terms shows up on the right hand
sides of, respectively, (11) and (13):

t]
U (t;7,h), /0 Ee_(t_s)/e\ll'l(s; 7,h) ds.
Consequently, we have an additional term

M - X%(Ta h)

on the right hand side of (15) which now reads

/Otllel<s)l|2dsgM{[e+x%(r,h)] +/Ot (/Or||e(,u)||2du> dr} (17)

for a suitable choice of the constant M.
We shall use this inequality in Section 2.1.

10



Now we estimate the second component eq(t). It is easier if we pass to
the Laplace transform. We recall the following formulas:

k—1
£ (Dhe) = AFe(n) - ]z:% )

T —— -

I
k_—at _ _,—at _
/te dt = —e [ak+1+mzzo(/~c—m)!am+1

Moreover, we note that Dv(0) = 0 if j < v so that
e9(0) = —u(0) ifj <w.

This is easily seen from (8) and the fact that for j < v, D’ and the integrals
commute.
We take the Laplace transform of both the sides of (12). We note

v+1
v 1
(eD+1) +1€2:€2+E (V_]L_ >6ka62,
k=1

so that its Laplace transform is

. WY IN VPR = R )
éa(N) + Z ( i > " d A e(N) — Z Nes (0)
k=1

=0
v v+1

= (A +1)" lep(n) = YWV i VL) el |
= SNk ’

The important fact here is that j < v + 1.
Proceeding analogously we get

é2(M)

B 1 v ; v+1 v+1 (k—1—3)

- (6/\ + 1)1/-1-1 j;))\ k;_l ( k ) 6k€2 (0):| (19)

_ (6/\ _|_11),,+1 Z ( V:j 1 ) &= p (Du+17ru2) ()\) (20)
r=0

—Wﬁg()\)é()\) ds. (21)

Our goal now is to prove that the time functions which correspond to
the lines (19) and (20) tend to zero in L?(0,7T) and uniformly on [o, T] and

11



that an estimate similar to (15) holds for the term in (21). The first goal
is achieved recalling that e/(0) = —u?(0). We consider the individual terms
separately and we keep precise track of the range of variation of the indices.

Let us consider the individual terms in the summations in (19). We
ignore inessential constants and we see that these terms have the general
form

(e + 1)vil” jH1<k<v+1

1 1\
(141
€ €

and we see that the individual terms now are

Y {Ogjgu

We expand M as

1 1 0<j=<v
: , j+1<k<v+1
v+1l—k+j—r v+1l—r
€ (A+1/e) 0<r<j.

Hence we must give estimates on the functions

1 0<j<v
7ﬂ?§ﬁﬂw%%ka JH1<k<v+1
‘ 0<r<y.

Clearly these functions tend uniformly to zero on compact sets of (0,400)
while the square of the L? norm on (0, +0o0) is

20—)-1

This is of the order of € at least, because k — j > 1.

We consider now the row (20). We recall that we are working on the
interval [0, ¢9) over which w is smooth and in order to estimate the norms on
this interval we can extend u smoothly to R, so to have compact support,
thanks to the causal nature of the problem (7) and (8), i.e. (9) and (10). We
must now give an estimate for

t
1 (t — s)P e =)/ f(s) ds

e" Jo

where f is a derivative of u and r < v. Young inequalities imply that the
L?-norm is less then

1 [+
IZE 67/0 et dt < v

12



so that the L2 norm of the convolution is less then
Me

where M is a bound of the derivatives of u. Even more, using Schwartz
inequality we see that the convolution converges to zero uniformly on [0, o],
of the order e. As € — 0, the estimates we found are of the order /e.

Now we consider the term (21). In the time domain this is

1 t s
é’ﬁ/o (t— s)”e_(t_s)/e/o Lo(s —r)e(r) dr ds.

We take the integral of the square of this function. We have:
1 2

t T s
/0 sy /0 (r— s)”e_(T_s)/e/O Lo(s —r)e(r) dr ds| dr

t s
< M/ / le(r)]? dr ds.
0 Jo

Consequently, we have the following estimates, which hold on an interval
[0,t) over which wu(t) is smooth:

t t T
[ e as < devaar [ [Mel? du) ar. @2
0 0o \Jo
t t T
[ lleato) P as < dev ot [([Meol du) ar. (23
Here, as already said, M is a generic constant. We sum and we find
t t T
[ le@? ds < dee 2t ([ et di) ar (24)
0 0o \Jo
so that, from Gronwall inequality,
to
/ lle(s)|[? ds < Me. (25)
0
This gives convergence in L?(0, to), where tg is the first point in which u

is not regular. In order to extend the result to a larger interval we need the
following result on uniform convergence:

Theorem 6 We have ey — 0 uniformly on (o,to] for every o > 0.

Proof. This is obvious for the first two terms in (13) while the last integral

is less then —
M/ [/ Lemt=s)/e ds} le(r)|] dr.
0 r €

13



The inner integral is bounded while, as we told already, the L? norm of e(r)
converges to zero. 1

We need a similar statements concerning ex(t) and its derivatives up to
the order v. The expression in (19) corresponds to a sum of terms of the
type

1
(const) - ——e /¢,
€St
which has the required properties. Line (20) corresponds to a linear combi-
nation of terms of the type

1 gt
— / sYe” ¥ f(t —s) ds
€ Jo

where f is a suitable derivative of us. Boundedness of the derivatives of us
shows that these integrals are dominated by

const - e/ r<v,
as wanted.
Consequently, for j < v, we have

Die(t) —we(t)+/0t\p(t—s) /OSL(S—T)G(T) dr ds

where W(t) = DI[t"e~'/¢]. Using the already known fact that the L?-norm
of e(t) converges to 0 we deduce:

Theorem 7 The component es(t) of e(t) converges to zero together with its
derivatives of order up to v, uniformly on [o,ty], for every o > 0.

This proves our result in the first interval [0,%p], up to the first point
to where the unknown input w looses regularity. Let now u be smooth on
(to,t1). We can extend our result to this second interval [tg,¢1] too. In
fact, we observe that v is a smooth function so that the jump of e, and its
derivatives up to v at tp, is the same as the corresponding jump of w. This
allows to repeat the previous arguments on [tg,?;], where t; is the second
point at which u is not regular. The details are as in [14].

This completes the proof of Theorem 5.

Finally, we need a detour analogous to the one we have seen for the first
component eq(t).

Let an additional error W4 (t, 7, h) be present on the right hand side of (8).
The parameters h and 7 here introduced will be of use below. For the
moment we can think to them as fixed. We assume

|D(”+1)\I/2(t, T, h)| < x2(T, h).

14



This gives a new term on the right side of (23), which is dominated by
M - xao(T, h)

so that inequality (23) is replaced by

[ tieaton P as < v {esamm + [ ([l an) ar}

We take this new inequality and the corresponding inequality for e; into
account and we find the following final estimate for e:

[P ds < M [e4 b+ 33 m)] (26)

2.1 Noisy measures

Noisy measures are considered now. We still denote y(t) the measure without
errors while the noisy measure is denoted £(t). The noise is 6(t), so that
&1(t) v (t) 01(t)
t)=y(t)+6(t) = = + .
We assume that 6(t) is measurable and it is bounded by h either in L
or in L? norm.
We adapt the idea in [14], inspired by the mollification method in [10].

We introduce a second regularization parameter 7 (7 = € is a possible choice)
and we replace y;(t) on the right hand side of Eq. (7) with

t
1 / e~(=9)/7¢(s) ds

T Jo
which we represent as

t t
y1(t) + |:1/ 6*(t78)/7'y1(8) ds — y1(t)] + 1/ e*(th)/Tel(s) ds
T Jo

T Jo
so that Eq. (9) maintains its same form, with a further addendum on the
right hand side, which is

t t
Vy(t, 7, h) = [1/ e*(tfs)/Tyl(s) ds — yl(t)] + %/ ef(tfs)/'r@l(s) ds
0

T JO

(note the usual abuse of language: ¥; does depend on € but an estimate
for it will only depend on h so that we use the notation above). It is now
sufficient to obtain an estimate for Wy, of the form (16). Consider the two
addenda separately. As to the second one, its derivative is

t
1eyl(t)+i2 / e (t=9/79(s) ds
T T 0

15



Both the L*°(0,T) and the L?(0,T) norms of this term are less then

h
t) . —
(const) .

As to the first term, it is clear that
\] L2 [yt as— o) |

L*”W%N%(MSMmﬂ

T

and

th%l+ Xo(7) =0,

because the family of kernels which are zero for t < 0, and equal to (1/7)e=*/7,
is an approximate identity. This estimate holds for every t on each interval
over which y is differentiable; it holds for L? norms in general.

Now we proceed analogously for the second component ys.

It is convenient to introduce a second penalization parameter o > 0. It
might be ¢ = 7 but we are not forced to this choice and we shall see that
this additional degree of freedom is useful.

We choose the kernel

1/+
Ko(t) = —t'e™"7 >0

(zero for negative times). This famlly of kernels is an approximate identity

so that
f&WﬂWM%Ww

= [ [ ot - 1 (s) ds = (0| | < Mara(o)

‘ ’DV+1

with
1. =
Jm x2(0) =0,

The effect of the disturbance 05 is now estimated as follows: we replace
y2(t) in the right hand side of (8) with K, x & (we use x to denote the
convolution) which we represent as

(Kox€2)(t) = ya2()+Wa(t;0, ), Wa(t;0,h) = [(Ko x y2)(t) — y2(t)]+(Koxb2) (1) .
and we find that x2(c, h) is now of the order

h
UV+1'

This shows that the following consistency result holds:
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Theorem 8 Let € — 0+, 7 — 04+ and 0 — 0+ so to respect the conditions

bk

T o+l -0

We have that v converges to u in L?*(0,T) for each T > 0. The convergence
is uniform on each interval [a,b] provided that u and its derivatives have no
Jjump neither at a nor at the interior points of [a,b].

3 The general case

It is now easily seen that the ideas presented in the previous sections can
be adapted to the general case. We must consider first the case that v; > 0
and then the case that the matrix K (¢) has a larger number of blocks.

Looking back at the computations in Sect. 2 we see that the following
property has a crucial role: the order of the zero at 0 of the kernel of the
integral on the right hand side of (9) is larger then vy, the order of the
zero of K1(t). We explicitly presented the computations in the case v = 0,
but this is not a crucial point. If v; > 0 then the same inequality (15),
i.e. (22), is obtained provided that {(eI 4+ J) — J}vy, i.e. €vy, is replaced by
{(el4J)"1 1 —J+11y; . Computations are precisely as those leading to (23).
The second equation is not affected by this modification since v5 > v1. The
case 1 = 0 has been singled out solely for the sake of clarity, since the
analysis of this case suggests how to approach the general case.

So, we have indicated how the condition v; = 0 can be removed. As to
the fact that we considered a 2 x 2 block matrix, this is not an issue at all,
as long as K (t) is diagonally dominant, since in the proofs every block row
is manipulated independently of the others. Note in fact that the integrals
in the right hand sides of (11) and (12) depend on every component of e(t).
So, we conclude that in the general case of a matrix K (t) equal to the right
hand side of (3), we construct v(¢) from the equation

Hv(t) = —(K*v)(t) + (K xu)(t)

(* denotes convolution) where H, is a block operator matrix. The sizes of
its blocks are compatible with those of K (t); the off-diagonal blocks are zero
while the i—th block on the diagonal is

{(er + gyt — gttt

Precisely the same proofs as in Sect. 2, applied to every block row, lead to
the inequality (24) and we are done.

17



References

1]

2]

[10]

[11]

J.V. Beck, B. Blackwell, C.R. St. Clair, Inverse heat conduction, Wiley-
Interscience, 1985.

F. Fagnani, L. Pandolfi, A singular perturbation approach to a recursive
deconvolution problem, SIAM J. Conitrol Optim. 40 1384-1405, 2002.

F. Fagnani, L. Pandolfi, A recursive algorithm for the approximate solu-
tion of Volterra integral equations of the first kind of convolution type,
Inverse Problems 19 23-47, 2003.

F. Fagnani, L. Pandolfi, On the solution of a class of Volterra integral
equations of the first kind. J. Inverse Ill-Posed Probl. 11 485-503, 2003.

F. Fagnani, V. Maksimov, L. Pandolfi, A recursive deconvolution ap-
proach to disturbance reduction, IEEE Trans. Automat. Control, 49
907-921, 2004.

P.K. Lamm, Future-sequential regularization methods for ill-posed
Volterra equations, J. Mathematical Analysis Appl. 195 465-494, 1995.

P.K. Lamm, Regularized inversion of finitely smoothing Volterra opera-
tors: predictor-corrector regularization methods, Inverse Problems, 13
375-402, 1997.

P.K. Lamm, Variable smoothing regularization methods for inverse
problems, in Theory and Practice of Control and Systems, A. Tornambe,
G. Conte, A.M. Perdon Ed.s, World Scientific, Singapore, 331-336, 1999.

M.M. Lavrentev, V.G. Romanov, S.P. Shishatskii, Ill-posed problems of
mathematical physics and analysis, Translations of Mathematical Mono-
graphs n. 64 American Mathematical Society, Providence, RI, 1986.

D.A. Murio, The mollification method and the numerical solution of
ill-posed problems, John Wiley & Sons, Inc., New York, 1993.

Yu. S. Osipov, A.V. Kryazhimskii, Inverse problems for ordinary dif-
ferential equations: dynamical solutions, Gordon and Breach, London,
1995.

L. Pandolfi, The structure of the singularities of holomorphic matrices,
Proc. Roy. Soc. Edinburgh Sect. A, 107 1-14 1987.

L. Pandolfi, Adaptive recursive deconvolution and adaptive noise can-
cellation, Int. J. Control, 80 403—415, 2007.

18



[14] Perri, F., Pandolfi, L., Input identification to a class of nonlinear input-
output causal systems, Comput. Math. Appl. 51 1773-1788, 2006.

19



