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of Volterra Equations of the first kind∗

A. Favini† L. Pandolfi,‡

Abstract

We study the singular perturbation approach proposed by Lavrentev
for the regularization of systems of Volterra integral equations of the
first kind, in the case that the kernel K(t) is not invertible for t = 0
and without assuming K(t) ∼ tνI. We single out a class of kernels,
which we call “diagonally dominant”. We show that when the kernel
belongs to this class then it is possible to regularize the problem using
a multiscale singular perturbation method.

1 Introduction

We informally describe the problem to be studied in this paper. Precise
assumptions will then be introduced in Section 1.2. We consider a linear
causal time invariant input-output system described by the Volterra integral
equation

y(t) =

∫ t

0
K(t− s)u(s) ds , t ∈ [0, T ] (1)

where y and u are n–vectors and K(t) is an n × n matrix. Our goal is the
reconstruction of u on the basis of measures taken on y. It is well known
that this problem is ill posed so that regularization algorithms must be used
for its solution. Moreover, we want a causal reconstruction algorithm, i.e.
we want that an estimate v of u be constructed in such a way that its value
v(t) at time t depends on the measures taken on y at previous instants.
Lavrentev method and its variants have been widely used to achieve this
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goal, see the references given below. The idea behind Lavrentev method is
to study the following singular perturbation problem

εv(t) +

∫ t

0
K(t− s)v(s) ds = y(t) , t ∈ [0, T ] .

This problem is now well posed for every ε. Let v(t) = vε(t) (dependence on
ε will not be explicitly indicated below) be its solution. Our goal is to give
conditions under which

lim
ε→0+

vε(t) = lim
ε→0+

v(t) = u(t) .

The limit must be taken in an appropriate sense. We shall be interested
in pointwise, uniform or L2 convergence.

Note that in practice the measure taken on y are always affected by
errors. Here we are ignoring this fact, which will be studied in Section 2.1.

The standard assumption onK(t) in order to achieve (1) is that detK(0) 6=
0 so that it is possible to assume (after a coordinate transformation) K(0) =
I. If instead K(0) = tnK0(t) and K0(0) = I then a suitable number of
derivatives can in principle be used in order to reduce the problem to the
case detK(0) 6= 0, although in practice this need not be a very efficient
method, due to the noise in the measures.

In this paper we study the case detK(0) = 0, but when the order of the
zero is not the same for every entry of K(t). For reasons which will appear
below, we shall call “diagonally dominant” the class of systems which fit the
assumptions of our paper.

The idea is to use a multiscale singular perturbation problem, fitted to
the structure of K(t) as t→ 0+.

Remark 1 The proofs in this paper make use of smoothness assumptions
on the kernel K(t) and piecewise smoothness of the unknown input u(t).
However, numerical computation of the derivatives is not required by the
algorithm we are going to present.

Before we go on to describe the technical assumptions of this paper, we
present an example to which the results can be applied.

1.1 An example

We consider two interacting electrical lines of infinite length, described by

{

ηtt = ηss + ρξ + u(t) ,
ξtt = ξss + ψ(s)v(t) .

(2)

2



Initial conditions are η(0, s) = 0, ξ(0, s) = 0.
Here η and ξ are potentials and the output is

y(t) =

[

η(t, 0)
ξt(t, 0)

]

.

Note that the model is not so realistic since when the second line acts on
the first one, there should be a reaction which is not taken into account by
the model. Moreover, for simplicity we assume that ρ is constant and the
coefficient of u is 1.

It is easy to check that

ξ(t, s) =
1

2

∫ t

0

[
∫ s+t−r

s−t+r
ψ(ν) dν

]

v(r) dr

=
1

2

∫ t

0
[Ψ(s+ t− r) − Ψ(s− t+ r)] v(r) dr ,

where Ψ′(s) = ψ(s) and

η(t, s) = η1(t, s) + η2(t, s) ,

η1(t, s) =

∫ t

0
(t− r)u(r) dr ,

η2(t, s) =
ρ

4

∫ t

0

{
∫ s+t−r

s−t+r

[
∫ r

0
(Ψ(ν + r − µ) − Ψ(ν − r + µ)) v(µ) dµ

]

dν

}

dr.

Hence the components y1(t) and y2(t) of the observation are

y2(t) =

∫ t

0
G(t− ν)v(ν) dν , G(t) =

1

2
[ψ(t) + ψ(−t)]

y1(t) =
ρ

4

∫ t

0
(t− r)u(r) dr +

∫ t

0
H(t− r)v(r) dr

H(t) =

∫ t

0

[
∫ τ+t

τ−t
[Ψ(ν + τ) − Ψ(ν − τ)] dν

]

dτ .

The important property to be noted is that H(t) has a zero, for t = 0
of higher order then that of t, the kernel which appears in the expression of
y1(t). Hence, the output has the following form

[

∫ t
0 [(t− s)r1H1(t− s)u(s) + (t− s)r2H2(t− s)v(s)] ds
∫ t
0 [(t− s)χ1L1(t− s)u(s) + (t− s)χ2L2(t− s)v(s)] ds

]

and










r1 < r2 ,
χ1 > χ2 ,
χ2 < r1
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(in fact in our example L1(t) = 0.) We shall see that, under the conditions
above, the diagonal terms of the 2×2 matrix of the kernels have a dominant
role.

Kernels like this we shall call “diagonally dominant” and the problem
we are going to study is the deconvolution problem for diagonally dominant
systems.

1.2 Regularity assumptions and diagonally dominant matri-

ces

The assumptions we make are both regularity assumptions and assumptions
on the structure of the matrix K(t). As to the regularity assumptions on
the input, we shall assume that u(t) is piecewise of class C∞, although we
shall see that a finite number of derivatives will suffice for the proofs. We
note that with this assumption u(t) may have jumps so that the assumption
is usually satisfied in the applications.

In order to get a Volterra equation, i.e. a convolution with the upper
limit of integration equal to t, we must have K(t) = 0 for t < 0. We shall
say that K(t) is “smooth” when it is the restriction to [0, T ) of a function
K̃(t) which is smooth on IR. The smoothness we require is that K̃(t) be of
class C∞ and that its Taylor series converges to K̃(t) near 0.

Let now ri(t) be the rows of K(t),

K(t) =







r1(t)
...

rn(t)






, ri(t) =

[

ki,1(t) ki,2(t) . . . ki,n−1(t) ki,n(t)
]

,

ki,j(t) =
+∞
∑

µ=0

ki,j;(µ)t
µ

(the series expansion converges in a neighborhood of t = 0).
We define

νi,j = min
µ

{ki,j;(µ) 6= 0} or νi,j = +∞ if ki,j,(µ) = 0 for every µ.

and
νi = min{νi,j , 1 ≤ j ≤ n} .

We shall call the number νi the i–th row degree of K(t).

Remark 2 Actually this is a variant of the usual definition of the order of
the zero at ∞ for a row vector. When K(t) is a row vector whose entries are
exponential polynomials, then we can consider its Laplace transform K̂(λ).
Let its entries be

k̂i,j(λ) =
+∞
∑

µ=0

ki,j;(µ)
1

λµ
.
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The number νi defined as above is the order of ∞ as a zero of r̂(λ), see [12].

We introduce the following sets:

I1 = {j : ν1,j = ν1} , I2 = {j : ν2,j = ν2} , . . . , In = {j : νn,j = νn}

and

Assumption 3 For k and s between 1 and n, either Ik ∩ Is = ∅ or Ik = Is
and then νk = νs.

I.e. we assume that the sets Ij are a partition of the set {1 , 2 , . . . , n}.
We shall apply a permutation matrix Q to K(t) on the left, so to order

the row indices in increasing order,

ν1 ≤ ν2 ≤ . . . ≤ νn , ν1 ≥ 0 .

This does not change the problem to be studied.
Let us consider now the first row r1(t) of K(t) and let us consider the

entries of this row in I1, i.e. such that ν1,j = ν1. There exists a permutation
matrix P which moves these entries in the first positions:

r1(t)P =
[

r1,1(t) . . . r1,j1(t) r1,j1+1(t) . . . r1,n(t)
]

and
ν1,i = ν1 , 1 ≤ i ≤ j1 , ν1,i > ν1 if i > j1 .

Due to the assumption 3, either I1 = I2 and ν1 = ν2 or ν2i > ν2 if i ∈ I1.
Now we do the same for the second larger exponent etc. We end up with

a block form

K(t)P =



















K̃1,1(t) K̃1,2(t) . . . K̃1,s(t)

K̃2,1(t) K̃2,2(t) . . . K̃2,s(t)
...

K̃i,1(t) K̃i,2(t) . . . K̃i,s(t)
...



















and every entry of Kii(t) has the same exponent, let us call it νi from now
on, which is larger than the exponents in the entries in the previous and
subsequent blocks in the same line.

A second key assumption is:

Assumption 4 The diagonal blocks Kii are square and not degenerate.
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We sum up, the matrix K(t) can be reduced to the following block form:

QK(t)P =













tν1K1,1(t) tν1+1K1,2(t) . . . tν1+1K1,s(t)
tν2+1K2,1(t) tν2K2,2(t) . . . tν2+1K2,s(t)

...
tνs+1Ks,1(t) tνs+1Ks,2(t) . . . tνsKs,s(t)













(3)

and (possibly after a last coordinate transformation)

Ki,i(0) =
1

ν!
I .

Matrices with the properties stated in Assumptions 3 and 4 will be called
diagonally dominant for obvious reasons.

We shall see that for diagonally dominant kernels the deconvolution prob-
lem can be solved recursively, using a multiscale singular perturbation ap-
proach.

1.3 Comments on the literature

A singular perturbations approach to inverse problems has been advocated
by Lavrentev, see [9]. Chapter 5 in this book is devoted to the application
of this idea to a deconvolution problem. As it turns out, Lavrentev method
when applied to integral equations of Volterra type gives an on-line recon-
struction algorithm. A different on-line reconstruction algorithms has been
advocated in [1] and the algorithm proposed here has been rigorously stud-
ied in [6] in the case K(0) = 1. This analysis is then extended to the case
K(t) ∼ tνK̃(t), K̃(0) = I in [7].

Volterra integral equations may represent input output relations of sys-
tems in state space form. On-line algorithms for input identifications when
the state space description of the system is known and the full state space
is available to measures are in [11]. In fact, this book also considers special
instances of output measures. This case however has been solved in general
in [2]. The algorithm in [2] has been extended to general classes of Volterra
equations in [3, 4], and will be extended more in general in the present paper.

The use of on-line deconvolution problems in regulation and control ap-
plications can be found in [5, 8, 13].

2 The multiscale singular perturbation and the de-

convolution problem

In this section we show how the deconvolution problem can be solved for the
case of diagonally dominant kernels. We examine the noiseless case here,
while the effect of the noise will be studied in Section 2.1.
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We assume that the exchanges of rows and columns of K(t) have already
been performed so that we can take Q and P in (3) to be the identity
matrices.

In order to be as clear as possible, we study here the case that K(t) is
a 2 × 2 block matrix, with ν1 = 0. The general case is then considered in
section 3. So, we now consider the case that

K(t) =

[

K1(t) tK2(t)
tν+1K3(t) tνK4(t)

]

, K1(0) = I , K4(0) =
1

ν!
I . (4)

Note that K2(0) and K3(0) might be zero.
We introduce the following notations: I is the identity operator, D de-

notes the derivative while J is the integration operator

(Iu)(t) = u(t) , (Du)(t) = u′(t) , (Ju)(t) =

∫ t

0
u(s) ds

so that


























































(Jν+1u)(t) = 1
ν!

∫ t
0(t− s)νu(s) ds , DrJν =











Jν−r if r < ν
I if r = ν
Dr−ν if r > ν ,

Dr
∫ t

0
(t− s)νK(t− s)u(s) ds =

∫ t

0
{Dr[(t− s)νK(t− s)]}u(s) ds , r < ν + 1 ,

Dν+1
∫ t

0
(t− s)νK(t− s)u(s) ds = ν!K(0)u(t) +

∫ t

0
Φ(t− s)u(s) ds

(5)
where, using Leibniz formula, it is easily seen that

Φ(t) = ν!K ′(t) +
ν−1
∑

j=0

(

ν
j

)

ν!

(ν − j)!

{

(ν − j)tν−j−1K(ν−j)(t)

+tν−jK(ν−j+1)(t)
}

. (6)

The harmless assumption K4(0) = I/ν! has been made in order to sim-
plify the factor ν! in the previous expression.

We now consider the following two-scale singular perturbation problem.
The first row essentially represents the Lavrentev singular perturbation ap-
proach which is used in the case K(0) is invertible. We prefer to write
{(εI + J) − J} v1 instead of simply v1, for analogy with the second line. The
second line corresponds to a singular perturbation problem of higher order.
This choice is suggested by the Morse quasi-canonical form used in [2] for the
approximate construction of the inverse system of a linear finite dimensional
control system.
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{(εI + J) − J} v1 +

∫ t

0
{K1(t− s)v1(s) + (t− s)K2(t− s)v2(s)} ds

= y1(t) =

∫ t

0
{K1(t− s)u1(s) + (t− s)K2(t− s)u2(s)} ds

(7)

and
{

(εI + J)ν+1 − Jν+1
}

v2

+

∫ t

0

{

(t− s)ν+1K3(t− s)v1(s) + (t− s)νK4(t− s)v2(s)
}

ds

= y2(t) =

∫ t

0

{

(t− s)ν+1K3(t− s)u1(s) + (t− s)νK2(t− s)u2(s)
}

ds .

(8)
We recall that v1 and v2 are vectors, so that differentiation and integra-

tion are applied to every component. Now the estimate v(t) of u(t) is

v(t) =

[

v1(t)
v2(t)

]

and we study the convergence of v to u. It is convenient to introduce the
error

e(t) =

[

e1(t)
e2(t)

]

=

[

v1(t) − u1(t)
v2(t) − u2(t)

]

so that

εe1(t) +

∫ t

0
K1(t− s)e1(s) ds = −

∫ t

0
(t− s)K2(t− s)e2(s) ds− εu1(t) (9)

and

{

(εI + J)ν+1 − Jν+1
}

e2 +

∫ t

0
(t− s)νK4(t− s)e2(s) ds

= −
∫ t

0
(t− s)ν+1K3(t− s)e1(s) ds−

ν
∑

r=0

(

ν + 1
r

)

εν+1−rJru2 .(10)

We shall prove the following Theorem:

Theorem 5 Let [0, T ] be a fixed interval and let vε be constructed as above.

We have that vε → u in L2(0, T ). Furthermore, vε(t) and its derivatives

converge respectively to u and to the corresponding derivatives of u, uni-

formly on every interval [a, b] ⊆ (0, T ] such that u is smooth on (a−σ, b) for

some number σ > 0.
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In the course of the proof, we shall compute derivatives of e(t). This is
only possible at the points where u(t) is differentiable. So, let t0 be such that
u is smooth on (0, t0). We shall work first on this interval and then we shall
show how the results can be extended. As we noted already, derivatives are
only used as a device in the proofs.

We apply D and Dν+1 respectively to (9) and (10) and we find

εe′1 = −e1 −
∫ t

0
L1(t− s)e(s) ds− εu′1(t) (11)

where
L1(t) =

[

K ′
1(t) D{tK2(t)}

]

We note that

Dν+1
{

Jν+1e−
∫ t

0
(t− s)νK4(t− s)e2(s) ds

}

=

∫ t

0
Φ(t− s)e2(s) ds

where Φ(t) is given by (6) with K(t) replaced by K2(t). This shows that,
after ν + 1 derivatives, Equation (10) takes the following form:

(εD + I)ν+1e2 = −
∫ t

0
L2(t− s)e(s) ds

−
ν
∑

r=0

(

ν + 1
r

)

εν+1−rDν+1−ru2 . (12)

This equality holds on those intervals over which u is smooth. Here

L2(t) =
[

Dν+1
{

tν+1K3(t)
}

Φ(t)
]

.

We see from (11) that

e1(t) = e−t/εe1(0)−
∫ t

0
e−(t−s)/εu′1(s) ds−

∫ t

0

1

ε
e−(t−s)/ε

∫ s

0
L1(s−r)e(r) dr ds .

(13)
Here e1(0) = u1(0). It is clear that e−t/εe1(0) = e−t/εu1(0) tends to zero

in L2(0, T ) and uniformly on [σ, t0] for every σ > 0 while

∣

∣

∣

∣

∣

∣

∣

∣

∫ t

0
e−(t−s)/εu′1(s) ds

∣

∣

∣

∣

∣

∣

∣

∣

< Mε .

The constant M depends on u′1(t). Even more, the L2 norms of these two
terms are of the order of

√
ε (the norm of the integral is of the order of ε,
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but we consider ε ∈ (0, 1) so that
√
ε dominates). Hence we can write

∫ t

0
||e1(s)||2 ds ≤M1ε+ 2

∫ t

0

[
∫ r

0

1

ε
e−(r−s)/ε

∫ s

0
L1(s− µ)e(µ) dµ ds

]2

dr

≤M1ε+ 2

∫ t

0

[

∫ r

0

√

1

ε
e−(r−s)/ε

√

1

ε
e−(r−s)/ε

∫ s

0
L1(s− µ)e(µ) dµ ds

]2

dr

≤M1ε+ 2

∫ t

0

[
∫ r

0

1

ε
e−s/ε ds

]

dr ·
∫ r

0

[

1

ε
e−(r−s)/ε

(
∫ s

0
||L1(µ)||2 dµ

∫ s

0
||e(µ)||2 dµ

)

ds

]

dr (14)

≤M1ε+ 2M2

∫ t

0

∫ r

0

[
∫ r

µ

1

ε
e−(r−s)/ε ds

]

||e(µ)||2 dµ dr

≤M1ε+ 2M3

∫ t

0

(
∫ r

0
||e(µ)||2 dµ

)

dr . (15)

From now on we shall use M for a generic constant, so that the constants
Mi above, i = 1 , 2 , 3 will be simply denoted as M .

We now try to give an analogous estimate for the second component
e2(t).

Before we do this we introduce an observation, whose interest will appear
later on.

Let Ψ1(t; τ, h), t ∈ [0, T ], be a family of functions of the parameters τ
and h, such that

||Ψ′
1(t; τ, h)|| < χ1(τ, h) a.e. t ∈ [0, T ] (16)

and let Ψ1(t; τ, h) appear as a further addendum on the right side of (7),
hence of (9). In this case the following terms shows up on the right hand
sides of, respectively, (11) and (13):

Ψ′
1(t; τ, h) ,

∫ t

0

1

ε
e−(t−s)/εΨ′

1(s; τ, h) ds .

Consequently, we have an additional term

M · χ2
1(τ, h)

on the right hand side of (15) which now reads

∫ t

0
||e1(s)||2 ds ≤M

{

[

ε+ χ2
1(τ, h)

]

+

∫ t

0

(
∫ r

0
||e(µ)||2 dµ

)

dr

}

(17)

for a suitable choice of the constant M .
We shall use this inequality in Section 2.1.
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Now we estimate the second component e2(t). It is easier if we pass to
the Laplace transform. We recall the following formulas:











































L
(

Dke
)

= λkê(λ) −
k−1
∑

j=0

λk−1−je(j)(0)

L
(

1

k!
tkeat

)

=
1

(λ− a)k+1

∫

tke−at dt = −e−at

[

k!

ak+1
+

k−1
∑

m=0

k!

(k −m)!

tk−m

am+1

]

.

(18)

Moreover, we note that Djv(0) = 0 if j ≤ ν so that

e(j)(0) = −u(j)(0) if j ≤ ν.

This is easily seen from (8) and the fact that for j ≤ ν, Dj and the integrals
commute.

We take the Laplace transform of both the sides of (12). We note

(εD + I)ν+1 e2 = e2 +
ν+1
∑

k=1

(

ν + 1
k

)

εkDke2 ,

so that its Laplace transform is

ê2(λ) +
ν+1
∑

k=1

(

ν + 1
k

)

εk







λkê(λ) −
k−1
∑

j=0

λje
(k−1−j)
2 (0)







= (ελ+ 1)ν+1ê2(λ) −
ν
∑

j=0

λj





ν+1
∑

k=j+1

(

ν + 1
k

)

εke
(k−1−j)
2 (0)



 .

The important fact here is that j < ν + 1.
Proceeding analogously we get

ê2(λ)

=
1

(ελ+ 1)ν+1

ν
∑

j=0

λj





ν+1
∑

k=j+1

(

ν + 1
k

)

εke
(k−1−j)
2 (0)



 (19)

− 1

(ελ+ 1)ν+1

ν
∑

r=0

(

ν + 1
r

)

εν+1−rL
(

Dν+1−ru2

)

(λ) (20)

− 1

(ελ+ 1)ν+1
L̂2(λ)ê(λ) ds . (21)

Our goal now is to prove that the time functions which correspond to
the lines (19) and (20) tend to zero in L2(0, T ) and uniformly on [σ, T ] and

11



that an estimate similar to (15) holds for the term in (21). The first goal
is achieved recalling that ej(0) = −uj(0). We consider the individual terms
separately and we keep precise track of the range of variation of the indices.

Let us consider the individual terms in the summations in (19). We
ignore inessential constants and we see that these terms have the general
form

εkλj

(ελ+ 1)ν+1
,

{

0 ≤ j ≤ ν
j + 1 ≤ k ≤ ν + 1 .

We expand λj as
(

λ+
1

ε
− 1

ε

)j

and we see that the individual terms now are

1

εν+1−k+j−r

1

(λ+ 1/ε)ν+1−r
,











0 ≤ j ≤ ν
j + 1 ≤ k ≤ ν + 1
0 ≤ r ≤ j .

Hence we must give estimates on the functions

1

εν+1−k+j−r
tν−re−t/ε ,











0 ≤ j ≤ ν
j + 1 ≤ k ≤ ν + 1
0 ≤ r ≤ j .

Clearly these functions tend uniformly to zero on compact sets of (0,+∞)
while the square of the L2 norm on (0,+∞) is

ε2(k−j)−1 .

This is of the order of ε at least, because k − j ≥ 1.
We consider now the row (20). We recall that we are working on the

interval [0, t0) over which u is smooth and in order to estimate the norms on
this interval we can extend u smoothly to IR, so to have compact support,
thanks to the causal nature of the problem (7) and (8), i.e. (9) and (10). We
must now give an estimate for

1

εr

∫ t

0
(t− s)νe−(t−s)/εf(s) ds

where f is a derivative of u and r ≤ ν. Young inequalities imply that the
L2-norm is less then

||f ||L2 · 1

εr

∫ +∞

0
tνe−t/ε dt � εν−r+1

12



so that the L2 norm of the convolution is less then

Mε

where M is a bound of the derivatives of u. Even more, using Schwartz
inequality we see that the convolution converges to zero uniformly on [0, t0],
of the order ε. As ε→ 0, the estimates we found are of the order

√
ε.

Now we consider the term (21). In the time domain this is

1

εν+1

∫ t

0
(t− s)νe−(t−s)/ε

∫ s

0
L2(s− r)e(r) dr ds .

We take the integral of the square of this function. We have:

∫ t

0

[

1

εν+1

∫ τ

0
(τ − s)νe−(τ−s)/ε

∫ s

0
L2(s− r)e(r) dr ds

]2

dτ

≤M

∫ t

0

∫ s

0
|e(r)|2 dr ds .

Consequently, we have the following estimates, which hold on an interval
[0, t0) over which u(t) is smooth:

∫ t

0
||e1(s)||2 ds ≤Mε+ 2M

∫ t

0

(
∫ r

0
||e(µ)||2 dµ

)

dr , (22)

∫ t

0
||e2(s)||2 ds ≤Mε+ 2M

∫ t

0

(
∫ r

0
||e(µ)||2 dµ

)

dr . (23)

Here, as already said, M is a generic constant. We sum and we find

∫ t

0
||e(s)||2 ds ≤Mε+ 2M

∫ t

0

(
∫ r

0
||e(µ)||2 dµ

)

dr (24)

so that, from Gronwall inequality,

∫ t0

0
||e(s)||2 ds ≤Mε . (25)

This gives convergence in L2(0, t0), where t0 is the first point in which u
is not regular. In order to extend the result to a larger interval we need the
following result on uniform convergence:

Theorem 6 We have e1 → 0 uniformly on (σ, t0] for every σ > 0.

Proof. This is obvious for the first two terms in (13) while the last integral
is less then

M

∫ t

0

[
∫ t

r

1

ε
e−(t−s)/ε ds

]

||e(r)|| dr .

13



The inner integral is bounded while, as we told already, the L2 norm of e(r)
converges to zero.

We need a similar statements concerning e2(t) and its derivatives up to
the order ν. The expression in (19) corresponds to a sum of terms of the
type

(const) · 1

εstr
e−t/ε ,

which has the required properties. Line (20) corresponds to a linear combi-
nation of terms of the type

1

εr

∫ t

0
sνe−s/εf(t− s) ds

where f is a suitable derivative of u2. Boundedness of the derivatives of u2

shows that these integrals are dominated by

const · εν+1−r , r ≤ ν ,

as wanted.
Consequently, for j ≤ ν, we have

Dje(t) = ψε(t) +

∫ t

0
Ψ(t− s)

∫ s

0
L(s− r)e(r) dr ds

where Ψ(t) = Dj [tνe−t/ε]. Using the already known fact that the L2-norm
of e(t) converges to 0 we deduce:

Theorem 7 The component e2(t) of e(t) converges to zero together with its

derivatives of order up to ν, uniformly on [σ, t0], for every σ > 0.

This proves our result in the first interval [0, t0], up to the first point
t0 where the unknown input u looses regularity. Let now u be smooth on
(t0, t1). We can extend our result to this second interval [t0, t1] too. In
fact, we observe that v is a smooth function so that the jump of e, and its
derivatives up to ν at t0, is the same as the corresponding jump of u. This
allows to repeat the previous arguments on [t0, t1], where t1 is the second
point at which u is not regular. The details are as in [14].

This completes the proof of Theorem 5.
Finally, we need a detour analogous to the one we have seen for the first

component e1(t).
Let an additional error Ψ2(t, τ, h) be present on the right hand side of (8).

The parameters h and τ here introduced will be of use below. For the
moment we can think to them as fixed. We assume

|D(ν+1)Ψ2(t, τ, h)| ≤ χ2(τ, h).

14



This gives a new term on the right side of (23), which is dominated by

M · χ2(τ, h)

so that inequality (23) is replaced by

∫ t

0
||e2(s)||2 ds ≤M

{

ε+ χ2(τ, h) +

∫ t

0

(
∫ r

0
||e(µ)||2 dµ

)

dr

}

.

We take this new inequality and the corresponding inequality for e1 into
account and we find the following final estimate for e:

∫ t0

0
||e(s)||2 ds ≤M

[

ε+ χ2
1(τ, h) + χ2

2(τ, h)
]

. (26)

2.1 Noisy measures

Noisy measures are considered now. We still denote y(t) the measure without
errors while the noisy measure is denoted ξ(t). The noise is θ(t), so that

ξ(t) = y(t) + θ(t) =

[

ξ1(t)
ξ2(t)

]

=

[

y1(t)
y2(t)

]

+

[

θ1(t)
θ2(t)

]

.

We assume that θ(t) is measurable and it is bounded by h either in L∞

or in L2 norm.
We adapt the idea in [14], inspired by the mollification method in [10].

We introduce a second regularization parameter τ (τ = ε is a possible choice)
and we replace y1(t) on the right hand side of Eq. (7) with

1

τ

∫ t

0
e−(t−s)/τξ(s) ds

which we represent as

y1(t) +

[

1

τ

∫ t

0
e−(t−s)/τy1(s) ds− y1(t)

]

+
1

τ

∫ t

0
e−(t−s)/τθ1(s) ds

so that Eq. (9) maintains its same form, with a further addendum on the
right hand side, which is

Ψ1(t, τ, h) =

[

1

τ

∫ t

0
e−(t−s)/τy1(s) ds− y1(t)

]

+
1

τ

∫ t

0
e−(t−s)/τθ1(s) ds

(note the usual abuse of language: Ψ1 does depend on θ but an estimate
for it will only depend on h so that we use the notation above). It is now
sufficient to obtain an estimate for Ψ1, of the form (16). Consider the two
addenda separately. As to the second one, its derivative is

1

τ
θ1(t) +

1

τ2

∫ t

0
e−(t−s)/τθ(s) ds

15



Both the L∞(0, T ) and the L2(0, T ) norms of this term are less then

(const) · h
τ
.

As to the first term, it is clear that
∣

∣

∣

∣

∣

∣

∣

∣

d

dt

[

1

τ

∫ t

0
e−(t−s)/τy(s) ds− y(t)

]
∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

1

τ

∫ t

0
e−(t−s)/τy′(s) ds− y′(t)

∣

∣

∣

∣

∣

∣

∣

∣

≤Mχ0(τ)

and
lim

t→0+
χ0(τ) = 0 ,

because the family of kernels which are zero for t < 0, and equal to (1/τ)e−t/τ ,
is an approximate identity. This estimate holds for every t on each interval
over which y is differentiable; it holds for L2 norms in general.

Now we proceed analogously for the second component y2.
It is convenient to introduce a second penalization parameter σ > 0. It

might be σ = τ but we are not forced to this choice and we shall see that
this additional degree of freedom is useful.

We choose the kernel

Kσ(t) =
σν+1

ν!
tνe−t/σ t > 0

(zero for negative times). This family of kernels is an approximate identity
so that

∣

∣

∣

∣

∣

∣

∣

∣

Dν+1
[
∫ t

0
Kσ(t− s)y(s) ds− y(t)

]∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

[
∫ t

0
Kσ(t− s)yν+1(s) ds− y(ν+1)(t)

]
∣

∣

∣

∣

∣

∣

∣

∣

≤M2χ2(σ)

with
lim

t→0+
χ2(σ) = 0 ,

The effect of the disturbance θ2 is now estimated as follows: we replace
y2(t) in the right hand side of (8) with Kσ ? ξ2 (we use ? to denote the
convolution) which we represent as

(Kσ?ξ2)(t) = y2(t)+Ψ2(t;σ, h) , Ψ2(t;σ, h) = [(Kσ ? y2)(t) − y2(t)]+(Kσ?θ2)(t) .

and we find that χ2(σ, h) is now of the order

h

σν+1
.

This shows that the following consistency result holds:
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Theorem 8 Let ε→ 0+, τ → 0+ and σ → 0+ so to respect the conditions

h

τ
→ 0 ,

h

σν+1
→ 0 .

We have that v converges to u in L2(0, T ) for each T > 0. The convergence

is uniform on each interval [a, b] provided that u and its derivatives have no

jump neither at a nor at the interior points of [a, b].

3 The general case

It is now easily seen that the ideas presented in the previous sections can
be adapted to the general case. We must consider first the case that ν1 > 0
and then the case that the matrix K(t) has a larger number of blocks.

Looking back at the computations in Sect. 2 we see that the following
property has a crucial role: the order of the zero at 0 of the kernel of the
integral on the right hand side of (9) is larger then ν1, the order of the
zero of K1(t). We explicitly presented the computations in the case ν1 = 0,
but this is not a crucial point. If ν1 > 0 then the same inequality (15),
i.e. (22), is obtained provided that {(εI + J) − J}v1, i.e. εv1, is replaced by
{(εI+J)ν1+1−Jν1+1}v1. Computations are precisely as those leading to (23).
The second equation is not affected by this modification since ν2 > ν1. The
case ν1 = 0 has been singled out solely for the sake of clarity, since the
analysis of this case suggests how to approach the general case.

So, we have indicated how the condition ν1 = 0 can be removed. As to
the fact that we considered a 2 × 2 block matrix, this is not an issue at all,
as long as K(t) is diagonally dominant, since in the proofs every block row
is manipulated independently of the others. Note in fact that the integrals
in the right hand sides of (11) and (12) depend on every component of e(t).
So, we conclude that in the general case of a matrix K(t) equal to the right
hand side of (3), we construct v(t) from the equation

Hεv(t) = −(K ? v)(t) + (K ? u)(t)

(? denotes convolution) where Hε is a block operator matrix. The sizes of
its blocks are compatible with those of K(t); the off-diagonal blocks are zero
while the i–th block on the diagonal is

{

(εI + J)νi+1 − Jνi+1
}

.

Precisely the same proofs as in Sect. 2, applied to every block row, lead to
the inequality (24) and we are done.
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